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Series of convex functions: subdifferential, conjugate and 
applications to entropy minimization 

C. Vallee* C. Zalinescu^ 


Abstract 

A formula for the subdifferential of the sum of a series of convex functions defined 
on a Banach space was provided by X. Y. Zheng in 1998. In this paper, besides a slight 
extension to locally convex spaces of Zheng’s results, we provide a formula for the con¬ 
jugate of a countable sum of convex functions. Then we use these results for calculating 
the subdifferentials and the conjugates in two situations related to entropy minimization, 
and we study a concrete example met in Statistical Physics. 

Key words: Series of convex functions, subdifferential, conjugate, entropy minimization, 
statistical physics. 

1 Introduction 

The starting point of this study is the method used for deriving maximum entropy of ideal 
gases in several books dedicated to statistical physics (statistical mechanics); see [H pp. 119, 
120], [H pp. 15, 16], [7l p. 43], [U p. 39]. The problem is reduced to maximize — ni{lnni — 

1) [equivalently to minimize y]jg/rai(lnnj — 1)] with the constraints ~ ^ 

~ ^ with rii nonnegative integers, or, by normalization (taking pi := rii/N), to 
maximize — X)jg/Pi(lnpj — 1) [equivalently to minimize —1)] with the constraints 

YlieiPi ~ ^ ^ with Pi € M_|_. For these one uses the Lagrange multipliers 

method in a formal way. Even if nothing is said about the set I, from examples (see [H (47.1)], 
[3l (3.11)], [71 (1.4.5)], etc) one guesses that I is a countable set. Our aim is to treat rigorously 
such problems. Note that the problem of minimum entropy in the case in which the infinite 
sum is replaced by an integral on a finite measure space and the constraints are defined by a 
finite number of (continuous) linear equations is treated rigorously by J. M. Borwein and his 
collaborators in several papers (in the last 25 years); see [2] for a recent survey. 

The plan of the paper is the following. In Section 2 we present a slight extension (to 
locally convex spaces) of the results of X. Y. Zheng [11] related to the subdifferential of the 
sum of a series of convex functions; we provide the proofs for readers convenience. In Section 
3 we apply the results in Section 2 for deriving a formula for the conjugate of the sum of a 
series of convex functions, extending so Moreau’s Theorem on the conjugate of the sum of a 
finite family of convex functions to countable sums of such functions. In Section 4 we apply 
the results in the preceding sections to find the minimum entropy for a concrete situation 
from Statistical Physics. 
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2 Series of convex functions 


Throughout this paper, having a sequence {An)n'>i of nonempty sets and a sequence (x„)n>i, 
the notation )n>l C {An )n>i means that € An for every n > 1. 

In the sequel {E, r) is a real separated locally convex space (Ics for short) and E* is its 
topological dual. Moreover, we shall use standard notations and results from convex analysis 
(see e.g. 0 , m)- Consider /„ G A{E) (that is fn is proper and convex) for every n > 1. 
Assume that f{x) := J2n>ifn{x) •= /fc(^) exists in M := M U {— oo,(X)} for 

every x & E, where oo := +oo. Then, clearly, the corresponding function f : E ^ M is 
convex and dom/ C nn>i dom/„. 

Note that, if {fn)n>i C r(£') (that is /„ G A(X) is also lower semicontinuous, Isc for short) 
and there exists (x*)n>i C (dom/*)„>i such that the series X]n>i fni^n) is convergent and 
w*-lim.n^ooJ2k=i^l = X* e E* (that is x* = w*-Y{,n>iXn)^ then limn^ooYlk=i fkix) exists 
and belongs to (— 00 , 00 ] for every x G E] moreover, / is Isc. 

Indeed, since gn{x) := fn{x) + /n«) - (x,x^} > 0, g(x) := lim^^oo ELi = 

sup„>i 5 n(a^) exists and belongs to [0,oo]. But ELi 5 n(®) = ELi/n(^) + “ 

(x, ELi ^n), and 7 := lim„^oo ELi /n(0 ^ (x, Y2=i K) = (x, x*). It follows 

that f{x) = lim„^oo YJk=i fn{x) = g{x) - 7 + {x,x*) G (- 00 , 00 ]. Since gn G T{X) for every 
n and g = sup„>i gn is Isc, it follows that / is Isc, too. 

Definition 1 (Zheng [HI p. 79]) Let A, An G Vo{E) := {F C Hi | T / 0} (n > 1). One says 
that {An)n>i converges normally to A (with respect to t), written A = T-Y(n>i ^n, if: 

(I) for every sequence {xn)n>i C {An)n>i, the series r-converges and its sum x 

belongs to A; 

{II) for each (r-)neighborhood U of 0 in E (that is U G Mfj) there is no > 1 such that 
'Ylik>n^k £ U for all sequences {xn)n>i C {An)n>i and all n > uq (observe that the 
series 'Ylik>n^k is r-convergent by (I)); 

{III) for each x G A there exists {xn)n>i C (A„)„>i such that x = T-Y(n>iXn- 

Observe that A in the above definition is unique; moreover, A is convex if all An are 
convex. 

Remark 2 1) Assume that E is the topological dual X* of the Ics X endowed with the 
weaE topology w*, and {An)n>i C Vo{X*) is such that (I) holds. Then (II) in Definition\^ 
holds if and only if for every e > 0 and every x G X there exists no = Us^x > 1 such that 
I Yuk>n I - ^ sequences (x*)n>i C {An)n>i and all n > uq. 

2) Assume that E is a normed vector space (nvs for short) endowed with the strong (norm) 
topology s, and {An)n>i C T’o{E) is such that (I) holds. Then (II) in Definition\^ holds if 
and only if for every e > 0 there exists ng > 1 such that || HA:>n^fc|| — ^ sequences 

{xn)n>i C {An)n>i and all n > Us. It follows that A = s-Y)n>i implies that A is a 
Hausdorff-Pompeiu limit 0 /(Hfc=i ^fc)n>i- 

In the rest of this section we mainly reformulate the results of Zheng [n] in the context 
of locally convex spaces without asking the functions be lower semicontinuous. We give the 
proofs for reader’s convenience. 
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Theorem 3 Let /, fn G A(i?) he such that f{x) = X]n>i fn{x) for every x G E. Assume that 
X G core(dom/). Then 

/+(x, u) = ^ /n+(^, u) Vu G E. 

n>l 


Proof. Consider u G E. Because x G core(dom/), there exists (5 > 0 such that x + 
tu G dom/ C dom/„ for every t G I := [—5,(5]. Consider (/?,(/?„:/—)■ M defined by 
ipft) := f{x + tu), ipn{t) := fn{x + tu)-, if, fn are convex and f{t) = Yln>i Tn{t) for every 
t G I. Of course, /+(x, u) = limt^o+ LMLj£i91^ and similarly for fn^{x, u). Since the mappings 
/ \ {0} 3 1t~^ fn{t) G M are nondecreasing we get 

fn{ 5) fniff) ^ fn(t) fn(fi) ^ fn{h) fn(0) 

^5 - i - 5 ’ 

whence 

M Tn(t) - Tn(0) fn(-h) - fn(0) f„(S) - fn(0) fn(-h) - fn(0) 

0 < Mt) := - - -j--=: 7„ 

for all n > 1 and t G (0,5). Since the series X]„>i 7 n is convergent, the series Jf,n>i^n 
uniformly convergent on (0,5]. It follows that 


Since X]n>i _ <p( ^ obtain that 


fi(x,u) 


lim LtEAA 

t —^0+ t 


= j2fU(x,u). 

n>l 


lim Tn{t) — fn{^) 
t^0+ ^ t 

n>l 


E lim 

t^>o+ 

n>l 


fnjt) - fn{0) 

t 


The proof is complete. 


□ 


Proposition 4 Let f,fn G A{E) be such that f{x) = Ylin>i fnix) for every x G E. Assume 
that the series fn converges uniformly on a neighborhood of xq G int(dom/). Then for 

every x G int(dom/) there exists a neighborhood of x on which the series Yln>i fn converges 
uniformly. 

Proof. Replacing (if necessary) fn by gn defined by gnix) := fnixo + x) - fnixo) and 
f hy g defined by g{x) := /(xq + x) — /(xq), we may (and do) assume that xq = 0 and 
/n(0) = /(O) = 0. There exists a closed, convex and symmetric neighborhood R of xq = 0 
such that 2V C dom / and the series X]n>i fn converges uniformly on 2V. Set p := py, the 
Minkowski functional associated to V. Then p is a continuous seminorm such that int V = 
{x G E \ p{x) < 1} and c\V = V = {x G E \ p{x) < 1}. Consider x G int(dom/). If p(x) < 2 
then X G int(2I/); take U := 2R in this case. 

Let p(x) > 2. Since x G int(dom/), there exists p > 0 such that x' := (1 + p)x G dom/, 
and so X = (1 — A)x' + AO, where A := /u/(l + p) G (0,1). Fix u G V (<t7 p{u) < 1); we have 
that X + Art = (1 — A)x' + Xu, and so 

fn{x + Art) < (1 - A)/n(x') + Xfn{u) Vn > 1. (I) 
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On the other hand 1 < 2 — A < p{x) — p{Xu) < p{x + An), and so ^ ^ 

fn 


x + Xu \ 1 

< ^- —Jn{.x + An), 


whence 


p{x + Xu) J p{x + Xu)' 


fn{x + Xu) > p{x + Xu)fn ( ^ ^ , ) Vn > 1. 


From ({T]) and ([2]) we get 


p{x + An) ^ fn 


X + Xu 
p{x + An) 


< 


p{x + An) 


^ fkix + An) < (1 - A) ^ /fc(x') + A ^ /fc( 


n 


k=i " k=l 

whence, because p{x + An) < p{x) + 1, 

m mm 

'^fkix + Xu) < ^/fc(x') + ^/fc(n) 


A:=« 


k=l 


k=l 


k=l 


k=l 


+ (p(x) + 1) 


E/" 

k=l 


X + Xu 
p{x + An) 


(2) 


for all l,m > 1 with I < m. Since n, p^^^xu) ^ ^ ^ 21/, from the uniform convergence 
of Yln>i fn 21/ and the convergence of Yln>i fnix'), the previous inequality shows that 
l^n>i fn is uniformly convergent on f7 := x + XV (c dom/). The proof is complete. □ 


Theorem 5 Let f,fn £ ^(E) be such that f{x) = Yln>i fn{x) for every x £ E. Assume 
that the series Yln>i fn converges uniformly on a neighborhood of xq G int(dom/). Then for 
every x £ int(dom/) there exists a neighborhood U of 0 £ E with x + U C dom/ sueh that 
the series X]n>i fn+i'^ ') converges uniformly [to /+(•, ■)] on {x + U) x U. 

Proof. Taking into account Proposition 01 it is sufficient to prove the conclusion for 
X = xq. Moreover, as in the proof of Proposition IH we may (and do) assume that xq = 0 
and /n(0) = 0 = /(O) for every n > 1. By hypothesis, there exists a convex neighborhood 
P of xo = 0 such that 2P C dom / and the series X]n>i fn converges uniformly on 2P. For 
{x,h) £ V X V we have that x ± h £ 2V. It follows that the series J2n>i ifnix) — fn{x — u)] 
and Yl,n>i {fn{x + n) — fnix)] converge to /(x) — /(x — u) and f{x + u) — /(x), uniformly for 
(x, u) £ V X V, respectively. We have that 

fn{x) - fnix -u) < + u) - fn{x) Vt € (0, 1], Vn > 1. 

Hence 


E 

k=l 


fnix + tu) - fnix) 


< 


k=l 


Y2[fnix + U) - fnix)] + [fnix) - fnix - U)] 


k=l 


for all (x,n) G P x P, all t G (0,1] and all Z,m > 1 with I < m. Using (in both senses) 
the Cauchy criterion, we obtain that the series X]n>i converges uniformly 

for ix,u,t) £ V X V X (0,1] to /P+M~/P) _ Letting t —)• 0+, we obtain that the series 
fn+ix^fJ') converges uniformly for (x,u) G P x P to f[_ix,u). The proof is complete. □ 
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Remark 6 Note that for f, fn as in the preceding theorem, the series X]n>i/n+(')') con¬ 
verges uniformly [to /+(•,•)/ on {x + U) x U if and only if for every a > 0, the series 
Sn>i fn+i'’ ■) converges uniformly [to /+(•, ■)[ on {x + U) x (all). 

Lemma 7 Let / C M 6 e an open interval and ip,(pn '■ I ^ ^ {n > 1) he nondeereasing 
functions such that ip{t) = Ylin>i ^ri{t) for every t G I. Then (pn{t)dt = (p{t)dt 

for all a, (3 G I with a < [3. 

Proof. Fix a, (3 G I with a < /3. Take ^p,^pn ■ I ^ ^ {n > 1) defined by ^p{t) := ip{t) — ip{a) 
and ipn{t) ■= ^n{t) — for t G J. Then, clearly, 'i[>,i[>n are nondecreasing functions, 

f’nit) > V’n(«) = 0 for t G Jo := [a, /?] and n > 1 and 

^ “ Tn{a)] = Tnit) - Tn{oi) = ^p{t) - (p{a) = ifit) 

n>l n>l n>l n>l 

for all t G / D Jq. Since 0 < V'fc on Jq, lim^^oo Sfc=i = f’it) for every t G Jq, and f) is 
Lebesgue integrable on Jq, we have that 

f 't[{t)dt= f ^ / •l[n{t)dt. 

djo dJo 


But Y i^n{t)dt = Y (Tn(t) - (Jn(a)) dt = ipn{t)dt - {/3 - a)(pn{a), and similarly for if and 
(p, whence 


f p{t)dt - {/3 - a)p{a) =Y ( [ Tn{t)dt - {[3 - a)ipn{a)^ 

da \da J 


E/ iPn{t)dt - {/3 -a)Y Tn{a), 


n>l ' 


n>l 


and so jf p{t)dt = Tn{t)dt. □ 

Proposition 8 Let f,fn £ d^{E). Suppose that domf C nn>idom/„, and xq G int(dom/) 
is such that /( xq ) = J2n>i fn{xo). 

(i) Assume that J2n>i fn+ix^u) = f[_{x,u) for all x G int(dom/) and u G E. Then 
f{j^) = En>i fn{x) for every x G int(dom/). 

(ii) Moreover, assume that there exists a neighborhood U of 0 G E such that xq + U GL 

int(dom/) and the series Yln>i fn+i'^') converges uniformly on {xq + U) x U. Then for every 
X G int(dom/) the series fn converges uniformly to f on some neighborhood of x. 

Proof, (i) Replacing, if necessary, f hy g defined by g{x) ;= /(xq -|- x) — /(xq), and 
similarly for fn, we may (an do) assume that xq = 0 and fn{xo) = /(O) = 0 for every n > 1. 

Fix X G int(dom/). Consider / := {t G M | tx G int(dom/)}. Then I is an open interval 
and 0,1 G I. Take 6{t) ;= f{tx) and Onit) ■= fn{tx) for t G I. Then 6,6n are finite and 
convex on I and 0(0) = 0„(O) = 0. Moreover, 0(|_(t) = /+(tx,x) for every t G I, and similarly 
for e'n+ (t). Of course, 9 and 0„ are nondecreasing and finite on I. Using our hypothesis, we 
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have that X]n>i ^n+(^) = ^+(^) every t £ I. Using Lemma [7] with ipn = 0'n+ and 
we obtain that 

fix) = 0(1) = [ e'^{t)dt = J2 [ = ^/n(x). 

■^0 n>l-^0 n>l n>l 

(ii) From (i) we have that f{x) = Yln>i fnix) for every x G int(dom/). Taking into 
account Proposition [H it is sufficient to show the conclusion for xq. As above, we may (and 
do) assume that xq = 0 and /n(0) = /(O) = 0. By our hypothesis, for every e > 0 there exists 
rig > 0 such that 


f'+ix, u) - e < ^ fk+i^^ “) ^ f'+i^^ u) + e V(x, u) £ U x U, Vn > Ue- 

k=l 


In particular. 


f'j^itx, x) — e < f'i^_^_{tx, x) < f'j^itx, x) -\- e Mt £ [0,1], Mx £ U, Vn > ng. 

k=l 

Integrating on [0,1] with respect to t, we get f{x) — e < Yfk=i fkix) < /(x) — e for all x £ U 
and n > n^. This shows that the conclusion holds for xq - The proof is complete. □ 

Theorem 9 Let f,fn £ ^i^)- Assume that /(x) = Yln>i fnix) for every x £ E. If f and 
fn are continuous on int(dom/), then 

df{x) = w*- dfnjx) Vx £ int(dom/). 

n>l 


Proof. (I) Fix X £ int(dom/). Consider (x*)„>i C (9/n(x))„>]^. We claim that the series 
tc*-convergent to some x* £ df{x). 

Fix some u £ E. By Theorem [3l for every e > 0, there exists > 1 such that 
(x, ±u)| < e /2 for all l,m>n^ with I < m. Since x\ £ dfk{x), we have that 

(±M,Xfc) </fc+(x,±u), (3) 


and so 


Hence 


m m 

± ^*k') - - 

k=l k=l 


k=l 


y^/fc+(x,u) ^/(,+ (x,-u) 


k=l 


m 

E 

k=l 


{u,X*f, 


< 


m 

E 

k=l 


fk+i^^'^) 


+ 


y^/fc+(x,-u) 


k=l 


< e VZ, m > 1, 


n 


e < ^ < rn. 


( 4 ) 


Therefore, the series {u,x’^) is convergent, and so p{u) := {u,x’^) £ M. Moreover, 

from ([3]) and Theorem [3] we get 


piu) < '^fn+{x,u) = f’_^{x,u). 

n>l 
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We got so a linear mapping ip : E ^ M. such that ip < /+(x, •). Since / is continuous at 
X E dom/, is continuous, and so E df{x). Hence w*-J2n>i^n exists and belongs 

to df{x). Therefore, condition (I) in Definition [T] holds. 

(II) Taking the limit for m —>• oo in ([1]) we obtain that | Ylk>n | < e for all n > n^. 

Since does not depend on the sequence (x*)„>i C {dfn{x))^-^^, the second condition in 
Definition [1] holds, too. 

(III) For n > 1 set Rn := Ylk>nfE clearly E A{E) for n > 1. Using Theorem [3] for 
the sequence {fk+n)k>o we obtain that R'„_^{x,u) = Ylk>n f'k+i^^’’^) —t 0 (as n ^ oo) for 
every u G E. Moreover, Ri = f and Rk = fk + Rk+i for /c > 1. Since fk is continuous on 
int(dom/fc) D int(dom/) = int(domi?fc), by Moreau-Rockafellar Theorem one has 

dRk{x) = dfk{x) + dRk+i{x) Vfc > 1. (5) 

Consider x* E df{x) = dRi{x). From (l5|) applied for fe = 1 we get x*i E dfi{x) such that 
X* —x\ E dR 2 {x). Continuing in this way we get a sequence {x'^)n>i C {dfn{x))n>i such that 

n—1 

y*n ■= X* -'^^k ^ dRn{x) Vn > 1, 
k=l 

where ■= 0- Using Theorem[3]for the sequence {fk+n)k>o and the fact that (±u, i/n) < 

R'^_^_{x,Eu) we obtain that 

= \{u,yn)\ < |K+(x,'u)| + \Rn+{x, -«)| 0 fom ^ OO 

for every u G E. It follows that x* = w*-J2n>i^n- Hence condition (III) of Definition [1] is 
verified, too. The proof is complete. □ 

When FI is a normed vector space, one has also the next result. 

Theorem 10 Let E be a normed vector space and f,fn G A(U). Assume that f{x) = 
J2n>i fn{x) for every x G E. If f and fn are continuous on int(dom/) and the series 
J2n>i fn converges uniformly on a nonempty open subset of dom f, then 

df{x) = INI -E dfn{x) Vx E int(dom/); 

n>l 

moreover, hm„^oo || 'f2k>n^fk{x)\\ = 0 uniformly on some neighborhood of x for every x G 
int(dom/), where ||H|| := sup{||x*|| \ x* G A} for 0 7 ^ H C X*. 

Proof. We follow the same steps as in the proof of Theorem [9l So, fix xq G int(dom/). 

(I) Consider (x*)„>i C {dfn{xo))n>i- Hy Theorem [9] we have that w*-Yfn>i^n = x* G 

df{xo). We claim that x* = Indeed, using this time Proposition Theorem^] 

and Remark [6l there exists r > 0 such that the series Yln>i /n+(')') converges uniformly to 
ff{-, •) on (xo + rUE) x Ue, where Ue is the closed unit ball of E. Taking e > 0, as in the 
proof of Theorem m there exists > 1 such that dH) holds for all (x,u) E (xq + rllE) x Ue, 
and so < e for all < I < m. Since x* = we get x* = |M|-X]n>i ®n- 

In fact we even get lim,^^oo || Ylk>n^fk{x)\\ = 0 uniformly on xq + rUE- 

(II) This step is practically stated in (I). 

(III) Having x* E df{xo), from Theorem [9] we find (x*),i>i C idfn{xo))^-^i such that 

X* = X* . From (I) we obtain that x* = ||•||-X]„>l x* . The proof is complete. □ 
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Corollary 11 Let f,fn G ^{E). Assume that f{x) = X]n>i fn{x) for every x & E, and f, 
fn are continuous on int(dom/) for every n > 1 . Take x G int(dom/). Then 

(i) / is Gateaux differentiable at x if and only if /„ is Gateaux differentiable at x for every 
n > 1, in which case V/(x) = X]n>i ^ fnix)- 

(ii) Moreover, assume that E is a normed vector space. If f is Frechet differentiable at x 
then fn is Frechet differentiable at x for every n > 1. 

Proof. By Theorem [ 9 ] we have that Of iff:) = w*-J2n>i^fn{x). This relation shows that 
dfiff) is a singleton if and only if dfnfx) is a singleton for every n > 1 . Since the functions 
/ and fn {n > 1) are continuous at x, (i) follows. 

(ii) Assume now that E is a nvs and / is Frechet differentiable at x. It is known that 
g and h are Frechet differentiable at x G int(domg( n dom/i) = int(dom(gf + h)) provided 
g,h G A{E), g, h are continuous at x and g + h is Frechet differentiable at x. This is due to 
the fact that in such conditions, as seen from (i), g and h are Gateaux differentiable at x. 
Then we have 

Q ^ gjx + u)- g{x) - {u, Vg(x)) ^ {g + h){x + u) - {g + h){x) - {u,V{g + h){x)) ^ 

“ ||ri|| “ ||rt|| 

for ||tt|| —)■ 0. 

With the notation in the proof of Theorem [ 9 l f = Ri = /i + i?2- It follows that /i and 
i?2 are Frechet differentiable at x. Since R 2 = f 2 + R 3 , it follows that /2 and R3 are Frechet 
differentiable at x. Continuing in this way we obtain that fn is Frechet differentiable at x for 
every n > 1. □ 

Of course, if dimS < 00, the weak* and strong convergences on E* coincide, and so 
Theorems [ 9 ] and [ 10 ] are equivalent; moreover. Gateaux and Frechet differentiability for convex 
functions coincide, and so the converse implication in Corollary [TT] (ii) is true. 

Question 1 Is the converse of Corollary (ii) true when dimFi = 00? 

In the sequel we set M+ := [ 0 , 00), := ( 0 , 00), M_ := —M+, Ml := — 

Proposition 12 Let fn{x) := 6°""^ for x G M with (cr„)„>i C M; set f = X]n>i fn- 

(i) If X £ domf then UnX —>■ —00, and so either x > 0 and an —>■ —00, or x < 0 and 
an —)• 00. 

(ii) Assume that 0 < an ^ 00 and dom/ 0. Then there exists a G M+ such that I := 
(—00, —a) C dom / C cl/, / is strictly convex and increasing on dom/, and lima,^_oo f{x) = 
0 = inf /. Moreover, 

fix) = '^fnix) = '^ CTne'^’^^ Vx G int(dom /) = I, (6) 

n>l n>l 

f is increasing and continuous on I, lim^^-oo/^(a^) = 0 , and 

lim /'(x) = ^ =: 7 G ( 0 , 00]. ( 7 ) 

x^—a ^^ 


In particular, (9/(int(dom/)) = /'(/) = ( 0 , 7 ). 




(iii) Assume that 0 < an ^ oo is such that mt(dom/) = / := (— 00 ,—a) with a G 
Then either (a) dom/ = I and 7 = 00 , or (b) dom/ = cl I and 7 = 00 , in which case 
/i(—a) = 7 , df{—a) = 0 and the series Ylin>i convergent, or (c) dom / = cl/ 

and 7 < 00 , m which case f'_{—a) = 7 and 

df{-a) = [ 7 , 00 ) / { 7 } = ^a/„(-a). 

n>l 

Proof, (i) Take x G dom/. Then the series X]n>i convergent, and so —>• 0. 

The conclusion is obvious. 

(ii) Set (3 := sup(dom/) G (— 00 , 00 ] and take x < j3. Then there exists x G dom / with 

X <x. Because ct„ > 0, and so 0 < for n > 1, the series X]n>i convergent, 

whence x G dom/. Hence (—oo,/3) C dom/ C (—oo,/3]. Since 0 ^ dom/, we obtain that 
/3 < 0, and so a := —/3 does the job. Since /„ is strictly convex and increasing, / is strictly 
convex and increasing on its domain. 

Because fn{x) = anC^'^^ for every x G M, we get ([ 6 ]) using Corollary [TTJ From Q we have 
that f is increasing and continuous on int(dom/). 

Since 0 < < OnC^'^^ for all n > 1 and x <x, the series anc'^"^ is uniformly 

convergent (u.c. for short) on (— oo,x] for any x G int(dom/). Since lim 3 ;^_oo = 

lima;^_oo = 0 , from (l6|) and / = Yln>i fri obtain that linix ^-00 f (x) = 0 and 
liuix^-oo f{x) = 0 , respectively. 

From ([ 6 |) we have that 

n 

f'{x) = Vx G /, Vn > 1. ( 8 ) 

n>l k=l 

Taking the limit for —a > x ^ —a, we get lima;'|-_Q/'(x) > ■ Taking now the 

limit for n —>■ 00 we get lim 2 .'|-_„/'(x) > 7 := £ (0, 00 ]. If 7 = 00 it is clear 

that © holds. Assume that 7 < 00 . There exists some no > 1 such that Un > 1, whence 
> e~^'^°‘, for n > no, and so is convergent. It follows that the series 

Y.n>ifn and En>i/n are u.c. on (- 00 ,-a], and so lima.^_„/'(x) = = 

l^n>i that is ([7]) holds in this case, too. 

(iii) Let a G M^. Since 0 < < ane~'^"°‘ for large n, we get 7 = 00 when —a ^ 

dom/, and so (a) holds. Assume that —a G dom/. Since / G r(M), we have that f'_ is 
continuous from the left, whence = llicax^_a f'{x), and df{—a) = [/(_(—a), 00 ). Now 

the conclusion is immediate using ([7]). □ 

Example 13 In Provosition [TH for an = (n > 1 ) with 6 > 0 one has dom / = (—oo, 0 ), 
for an = In [n(lnn)®] (n > 2 ) with 0 G M one has int(dom/) = (—00,—IL while for an = 
In(lnn) (n > 2 ) one has dom / = 0 . Moreover, let an = In [n(lnn)^] (n > 2 )|jJ /or 0 G (—00, 1 ] 
one has dom / = (—00,— 1 ), for 9 G ( 1 , 2 ] one has dom / = (—00,— 1 ] and /(_(—!) = 00, for 
9 G ( 2 ,00) one has dom/ = (—00, —1] and /(_(—!) < 00. 

Proposition [12] (iii) (b) and Example [13] show that the conclusion of Theorem [9] can be 
false for x G dom / \ int(dom/) [even for x G dom((9/) \ int(dom/)]. 

One could ask if the condition int(dom /) 7 ^ 0 in Theorem[9]is just a technical assumption. 
The next example shows that this condition is essential. 

^We thank Prof. C. Letter for this example. 
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Example 14 Let gn{x,y) := e”'*+( for x,?/ E M and g = Y.n>i9n, where (?n)n>i C M 

is such that c,n/n oo. Clearly g,gn £ r(R^) with g{x,y) = f{x) + i{o}(?/) for {x,y) E 
where 


/(^) = 

n> 1 


i/xEMl, 
oo if X ^ M+. 


(9) 


Hence dom^r = Ml x {0} = ri(dom 5 r), but int(domg') = 0. It is clear that for {x,y) E 
ri(dom 5 () = Ml x {0} we have that dg{x^Q) = df{x) x 9t{o}(0) = {e*/(l — e*)^} x M. 
However, dgn{x,0) = {V5n(a^,0)} = {(ne"'^, (—l)"'o„e"'*)}. For c,n := (n > 1) we get 


Y, V5n(x, 0) = (/'(x), 8/"(2x) - /"(x)) Vx E Ml, (10) 

n>l 


for c,n = e"” with a > 0 we get Yln>i'^9n{x,0) = (/'(x), —(1 + e^~^°')) for x < —a 
and X]n>i 0) convergent for x E [—q;,0), while for On = e"’ (n > 1) i/ie series 

l^n>i ^9n{x,Q) is not convergent for each x E Ml. 

Indeed, we have that f'{x) = ond f''{x) = X]„>i /or 

X E Ml. It follows that for x E Ml we have 


8/"(2x) = 2 ^(2n)2e2”^ = ^(-l)"n2e"^ + Y 

n>l n>l n>l n>l 

whence m follows for On = n^. 


3 Applications to the conjugate of a countable sum 

A natural question is what we could say about the conjugate of / = X]n>i fn when /, /„ E 
A{E). It is known that for a finite family of functions /i,..., E A{E) one has 

(/i + ... + /n)*(x*) < (/rn...n/l)(x*) 

:= inf {/i (xt) + ... + f*{x*J \ xl + ... + x*^ = x*} . 

Of course, in the above formula one could take x^ E dom ff. for every k G I, n using the usual 
convention inf 0 := oo. Moreover, when all functions (but one) are continuous at some point 
in n;j,gY^dom/fc we have, even for every x* G E*, 

{fi + ■■■ + fn)*{x*) = mm{f^{xl) + ... + f*{x*J I xt+ ...+X1 =x*}. 

Recall that the inf-convolution operation □ was introduced by J. J. Moreau in [5]; many 
properties of this operation can be found in [6], among them being the formula mentioned 
above. The aim of this section is to extend and study this operation to countable sums of 
convex functions. 

In the next proposition we put together several assertions on the conjugate of X]n>i /^’ 
the last assertion is an application of Theorem 9. 

Proposition 15 Let /, fn G E{E). Assume that /(x) = fnix) for every x G E. 
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(i) If (x*),i>i C (dom /*)„>! is such that = x* £ E*, then the sequence 

X]fc=i fki^k) ® limit in (— 00 , 00 ] and f*{x*) < fn{^n)i particular, 

f*{x*) < inf I '^f*{x*J I ix*Jn>i C (dom/*)„>!, x* = (11) 

for every x* £ E*. 

(ii) If there exists {xn)n>i C (dom fn)n>i such that x* = x* E E* and fn{xn) ^ 

M then x* £ dom/*. 

(iii) Ifx £ n„>idom/„ and (x*)„>i C (9/„(x))„>;^ is such that i«*-X]„>iX* = x* E £;*, 
then X £ dom/, x* E df{x) and /*(x*) = X]n>i /n(^n)- particular, 

/*(x*) =mm| '^fniXn) I (x*)n>i C (dom/*)„>i, X* ='u;*-^x);| (12) 

n>l n>l 


(iv) Lef X* E df{x) with x £ dom/ and Zef (x*),i>i C (dom/*)„>i be such that x* = w*- 

En>i <• f*{x*) = En>i /n«) */ */ < ^ 5/n(x) /or exery n > 1 . 

(v) Assume that f and fn (n > 1) are continuous on int(dom/). Then for every x* £ 

9/(int(dom/)) relation ifTg)) holds. More precisely, ifx* £ df{x) for x £ mt(dom/) then 
X* = w*-Y,n>i < for some {x*Jn>i C (5/„(x))„>i, and /*(x*) = fniO- 


Proof, (i) Let us fix (x*)n>i C (dom/*)„>i with ra*-En>i ^ take x E dom/ 

and 7 n := /n(x) + /^(x*) - (x, x*) > 0 for n > 1. Hence Efc=i 7fc ^ 7 £ [0, 00 ], and so 


E/n«) 

n>l 


„'1“ E = „‘iSo (Et-^ - E a(“^) + 

k=l ^k=l k=l ' fc=l ' ^ 

7 - /(a:) + (x, X*) > (x, x*) - /(x). 


It follows that J2n>i fnixn) > snPa:&domf {{x,x*) - /(x)) = /*(x*) > -oo. Relation ([II]) is 
now obvious. 

(ii) The assertion is an immediate consequence of (lllh . 

(iii) Since x* E dfn{x) C dom/*, we have that fn(Xn) — “ fn{x) for n > 1, and 

so, using (i), we get 

-00 < f*{x*) < E/n(^n) = E 

n>l n>l 


It follows that X E dom/ and /*(x*) + /(x) < (x,x*), whence x* E (9/(x) and /*(x*) = 
En>i /n(^n)- Using again (i) we obtain that (fT^ holds. 

(iv) Since dom/ C n,i>idom/„, we have that x E n„>idom/„. Assuming that x* E 
dfnix) for n > 1, the conclusion /*(x*) = En>i fni^n) follows from (iii). 

Conversely, assume that /*(x*) = En>i fni^n)- Then 

0 = E fni^n) + E “ E = E ifni^n) + fn{x) “ (T, x)))] . 

n>l n>l n>l n>l 


Since /)((x*) + /n(x) — (x,x*) > 0 for n > 1, we obtain that /)((x*) + /n(x) — (x,x*) = 0, 
and so x* E dfn{x) for every re > 1. 

(v) Assume now that / and fn are continuous on int(dom /) and take x* E df (int(dom /)). 
Then there exists x E int(dom/) such that x* E dfix). By Theorem^ there exists (x*)n>i C 
{dfn{x))n>i such that X* = w*-Yfn>i K- Uy (hi) we have that /*(x*) = J2n>i fniK)- ^ 
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Remark 16 Note that if each function f* (with n> 1) is strictly convex on its domain, then 
the infimum in ifIT]) . when finite, is attained at at most one sequence (x*)n>i C (dom/*)„>i 
with X* = 

Because (I12p is valid automatically for x* £ E* \ dom f* , the problem is to see what is 
happening for x* E dom/* \ df (int(dom/)). 

Taking fk = 0 for A: > n + 1 in Proposition 1151 fvl. its conclusion is much weaker than the 
usual result mentioned at the beginning of this section because nothing is said for sure for 
X* E dom/* \ df (int(dom/)). 

In the next two propositions we give complete descriptions for /* and g*, where / and g 
are provided in Proposition [ 12 ] and Example [TTl respectively. 


Proposition 17 Let fn{x) := for x E M with 0 < (t„ —>■ oo, and f = fn- Assume 

that dom / ^ 0, and so I := (—oo, —a) C dom / C clI for some a E M+. 

(i) Then 9/(int(dom/)) = ( 0 , 7 ), where 7 := Yln>i E M+, dom/* = R+, and 


f*{u) < inf ^ fniun) I iun)n>i C (dom/*)„>;^ , u = '^Un> < 00 Vu E M+. 

(ii) Let u E M+ (= dom/*). Then u G [0,7] PlM if and only if 

f*{u) = mini '^fniun) \ (wn)n>i C (dom/*)^>^, u = 

n>l n>l ' 


(13) 


(14) 


or, equivalently, 

f*{u) = mini "^UnilnUn - 1) \ {Un)n>l CR+, U='^anUn>. (15) 

n>l n>l ' 

More precisely, the minimum in liL5\} is attained for = 0 (n > 1) when u = 0, for Un = e'^”^ 
{n > 1) when u = f'{x) with x £ L, forun = when u = j {< 00 ) (in which case a £ 

—a £ dom5/ = dom/ and /(_(—a) = 'j)- 
(hi) Let u £ M+ (= dom/*). Then 


f*{u) = inf I '^f*iun) I (^r„)n>i C (dom/*)^>^, w = 

n>l n>l ^ 

= inf < ^ UnfinUn - 1) | (rtn)n>l c M+, W = ^ CTnW 


n>l 


n>l 


(16) 

(17) 


Proof. Let a £ M+ be such that I := (— 00 ,—a) = int(dom/) C dom/ C cl I (see 
Proposition [T^ . and take 7 := 'Y(n>i ^ (0) 00 ] • 

(i) The equality 9/(int(dom/)) = ( 0 , 7 ) is proved in Proposition [12] (ii). Because the 
conjugate of the exponential function is given by 


where 0 • InO := 


exp* (a) 
0 , we have fn{u) = 


_ f 00 if rt E M/, 

( u(lntt —1) if u E M+, 

^ “ 1) u£R+ and f*{u) 


(18) 

00 for u E M/. 
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The first inequality in (|13p is given in dill) , while for the second inequality just take 
ui := n E 1R+ and := 0 for n > 2. For u E Ml we have that f*{u) = sup 3 ,gR[xn — f{x)] > 
lima,^_oo[xtt — f{x)] = oo. It follows that domf* = M_|_. 

(ii) Consider u E M+. Clearly, /*(0) = — inf / = 0, and so (fTTl) and (fT5]) hold in this case, 
with attainment for Un = 0 (n > 1). For u E ( 0 , 7 ) = cI/(int(dom/)) = /'(/), there exists 
X E / such that f'{x) = u, and so 


nu) 


= sup[xu - f{x)] = xf{x) - f{x) 

xGR 


Kx- 1 ) 

n>l 


j '^fnM I {Un)n>l C M+, U=Y'^n k 

n>l n>l n>l 


(19) 

( 20 ) 


the last two equalities being given by Proposition [15] (v). Hence m and (jlSp hold in this 
case, too, the attainment in (|15l) being for (n > 1). Hence, if 7 = 00 we have that 

(inp (therefore, also ([T5]) l holds for all u E M+ = domf* = [ 0 , 7 ] C M. 

Assume that 7 < 00 ; then, by Proposition [T21 we have that a E M^ and 7 = f'_{—oi). 
Take u > 'j. Since V’^(x) = u — ffx) > 0 for every x E /, where ^^{x) := xu — /(x), it follows 
that is increasing on (— 00 , —a], and so 


f*{u)= sup 'if{x) = =—au — f{—a). ( 21 ) 

xE(— cxD,—a] 

Since f* is continuous on M^ = int(dom /*) and limj,^_„ f'{x) = 7 , taking the limit for x f —« 
in (flop . we get 

r( 7 ) = -a 7 -/(-a) = -a ^ ^ ^/^(/^(-a)). 

n>l n>l n>l 


Assume now that m holds for some tt > 7 , that is there exists {un)n>i C M+ such that 
^ = Z)n>i“n a,nd f*{u) = Y^n>i fni'^n)- Because u E df{-a) = [ 7 , 00 ), by Proposition [l2] 
(iv), we obtain that Un E dfn{—a) = , whence u = = 7 . This 

contradiction proves that (H holds if and only if u E [0, 7 ] H M. 

(hi) Because by (ii) the conclusion is clearly true for u E [0, 7 ] n M, we may (and do) 
assume that 7 < 00 . Take u > 7 and denote by F{u) the (real) number in the RHS of 
(Hil). There exists re > 1 such that Un > re for n > n, and fix re > re. For g E N*, 
since v := re — 7 + X)fc>n+i^ (0)'*^)) there exists a unique Xg E M^ such that 
Yl^=n+i = re. It follows that Xg < Ag+i < a for all q > 1; this follows easily by 

contradiction. Therefore, Xg f with ^ < a. Setting re^ := for A: E l,re, re^ := 

for k E n + l,n + q and re^ := 0 for fc > re + g, we have that X)fc>i = re; taking into 
account (ED), we get 


n n+g 

/* (re) < F(re) < ^re^(In re^ - 1) = (-CTfca - 1) + Y “ 1) 

k>l k=l k=n-\-l 

n n n+g 

= (A,-a) j;afce-"'=“-A,re-^ = + (re) + A", 

k=l k=l k=n-\-l 
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where 


( n ^ n+q 

( 22 ) 

k=l k>n+l k=n-\-l 

hence A” > 0 for all n > n and g > 1 . 

Assume that ^ < a. Since \q < //, we have that Xlfc^n+i > X]fc=n+i ^ oo for 

q —>■ oo. From (l22]l we get the contradiction 0 < lim^^oo A” = —oo. Hence fj, = a. Using again 
^ we obtain that limsup^^^A" < Efe>n+i and so F{u) < f*{u) + Efc>n+i 

for every n > n. It follows that F{u) < f*{u). Therefore, F{u) = f*{u), and so (fT7|l holds. 
The proof is complete. □ 

Observe that the condition cr„ > 0 in Proposition [T7] is not essential; because an oo, 
an > 0 for some no > 1 and every n > uq. Indeed, apply Proposition [T3 for g := J2n>no 
then the usual duality results for / = /i + ... + fnq-i + 9- Of course, in the conclusion one 
must replace [ 0 , 7 ] O M by cl[9/(int(dom/))]. 

One could ask, as for Theorem[9l if the condition int(dom /) 7 ^ 0 is essential in Proposition 
M (v). The next result proves that this is the case. 


Proposition 18 Let g,gn be as in Example [T^ where (on)n>i C M+ is such that On/n —>■ 00. 
Then dom g* = M+ x M and 

g*{u,v) = inf | ^7„(ln7„ - 1 ) | 7n > 0 , u = ^n7„, v = ^(-l)"’?n 7 n| ( 23 ) 

for all {u,v) G (M^ x M) U {( 0 , 0 )}, while for u = 0 v the term in the RHS of (d^ is 00. 
Moreover, for u = 0 = v the infimum in \2S\) is attained, while for u G the infimum in 

is attained if and only ifv := ^ ^ ^ v = v. 


Proof. On one hand, because g{x,y) = f{x) + i{o}(2/)) where / is dehned in ([9]), we have 
that g*{u,v) = f*{u) for {u,v) G M^. On the other hand gn{u,v) = ^(In^ — 1) for u G M+ 
and V = (—l)"'<^n/n, while gn{u,v) = 00 otherwise. By Proposition [15] (i) we have that 

g*{u,v) < G{u,v) := inf | ^ 7 „(ln 7 „ - 1) | 7 n > 0, u = ^ny^, v = (-!)”• <?n7n [ (24) 

n>l n>l n>l ' 


for all (n, v) G M+ x R. 

It is clear that for u = v = 0 one has equality with attained infimum (for 7 n = 0 for every 
n > 1), while for u = 0 ^ v the RHS term of ()24p is 00 . 

Applying Proposition [T3 for an := n {n > 1) we have that a = 0 and 7 = 00 ; moreover, 
for u G R+, 

f*{u) = min<^ ^7„(ln7„ - 1 ) | 7n > 0 , u = L 

which is attained only for the sequence iffff)n>i, where 


.= 

In • 


1 + 2ti — \/4u + 1 


2u 


(n > 1). 


(25) 


Consequently, we have equality in (1241) with attained infimum if and only if u G R and v = v. 
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Let {u, v) E X R and fix e > 0. Then there exists some n > 1 such that Ylk=i 7fc “ 
1) < f*{u) + e/2. Set u := J2k=i ^ •= Z]fc=i(“l)^‘^fc7fc 5 then u' := u -u > 0 and 

v' := V — V & M. Observe that for a fixed n E N*, since gn is finite (and continuous) one has 
{On + 9n+i)* = gV^9n+i with exact convolution, and so 

dom( 5 t„ + gn+iT = dorngt* + domfit^+i = R+(n, (-!)"'?„) + R+(n + 1, (-l)”+^?n+i)- 


Take n > 1 such that u'^n 7 n |u'| for n > n. Then 
u'c^n+i - (- 1 )”+Hn + l)v' 


in ■ = 


, u'cin — i—lYnv' 

> 0 > 7^+1 := > 0 > 


ngn+i + (n + 1 )?„ ’ ' ngn+i + (n + 1 )?„ 

and {u',v') = 7(j(n, + 1, (-l)’"+i?n+i) E dom( 5 -„ + 5 ^+ 1 )*. Moreover, 

{9n + gn+lTiu'^v') = gn{n-f’^, {-l)^c;nin) + 9n+li{n + l)7n+l, (-l)’"’^Vn+l7n+l) 

= 7^1117n - 1) +7n+l(ln7n+l - !)• 

Since for n > n one has 0 < 7 ' < ^ «;n+i+0+i)h I <; _|_ m/i _ 2 _ q q 

' = ^'iiTT + l^'l ^ 0 ’ there exists m > n such that 7 m(In 7 m - 1 ) + 7m+i(ln7m+i “ 
1) < e/2; set 7 ^ := 7 ^ for /c E l,re, 7 ^ := 7 / for k E {m,m + 1} and 7 ^ := 0 otherwise. Then 
7 n > 0 for all n > 1, u = Yln>i n 7 n and v = Yjn>ii~^T’^rilni moreover. 


G{u,v) < ^ 7 „(ln 7 „ - 1) = ^ 7 ^(ln 7 ^ - 1) +- 1) + 7 („+i(ln 7 („+i - 1) 

n>l k=l 

< f*{u) + e/2 + e/2 = f*{u) + e = g*{u,v) +e. 

It follows that G{u,v) < g*{u,v), and so ([23]) holds. The proof is complete. □ 

Remark 19 Observe that, depending on (?n)n>ij the set of those u > 0 for which the infimum 
in the RHS of (E^ is attained for some u E R could he R^, a proper subset o/R^, or the 
empty set. For example, when with k > 1 the series X]n>i(~t)”'?n 7 )( is convergent. 

If ‘in = e'^°‘ with a > 0 the series Y/jn>ii~^)"'t-s convergent iff a < In i+2«+V4m+i _ jj 
(,n = the series convergent. (Here ^ is defined in ) 

Having in view Propositions [T7] and [THl the following question is natural: 


Question 2 Let f,fn E A(R^’) with p E N* and f{x) = fn{x) for every x E R^; is it 

true that 

f*{u) = inf I ^//(Un) I {Un)n>i C (dom/*)„>i, u = 
for all u E int(dom/*)? 

M. Valadier in [ 8 ] defines the continuous inf-convolution for a family {ft)t&T of proper 
lower semicontinuous functions defined on R^’, where {T,'T,g) is a measure space with p>0 
being cr-finite. In the case in which T := N*, T := 2^ and /r : T —>■ [0, 00 ] is defined by 
g{A) := cardH, [51 Th. 7] has the following (equivalent) statement: 
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Theorem Let {gn)n>i C r(R^) be such that the series |5'n(^)l < oo for every u E 

Then the function 5 ^ M, defined by 


g{x) := inf 


^>l C 


n>l 


El 

n>l 


< 00, 



belongs to r(R^’), the infimum above is attained for every x E R^, and g* = X]n>i 9n- 

Taking {fn)n>i C r(RP), and setting gn ■= fn (hence 5 * = /„), the hypothesis of [ 8 l Th. 
7] implies that dom/ = R^ (and of course f,fn are continuous on R^*), an hypothesis which 
is stronger than that of Proposition [15] (v), but also the conclusion of [H Th. 7] is stronger. 
Clearly, [ 8 l Th. 7] (above) can not be applied in the previous examples (because / is not 
finite-valued), as well as for the example in the next section^ 


4 An application to entropy minimization 

As mentioned in Introduction, in Statistical Physics (Statistical Mechanics) one has to min¬ 
imize ''^hh the constraints = N and where I is a 

countable set and n* are nonnegative integers. In this context consider hi := expoAj, where 
Aj : R^ — >■ R is defined by Ai{x,y) := a: -|- ety, and h := Yliei Because hi > 0, we have 
that — Yljej ^pU) every bijection p : J ^ I. So, we (can) take / = N*, the set of 

positive integers, {an)n>i C R, An{x,y) := x + anP, hn := expoA„ and h ;= X]n>i ^n- Hence 

h{x, y) = Y. = e^Y. 

n>l n>l 


with / : R — >• R, f{y) := e^'^y . By Proposition]!!] when dom h = Rxdom/ / 0, we may 

(and do) assume that (T„ —>■ 00, in which case there exists a E R+ such that I := (—00, —a) = 
int(dom/) C dom/ C cl/. Since hn is differentiable on R^ [with Vhn{x,y) = e^’''°'"^(l, cr„,)], 
by Theorem[9](and Corollary II ip . h is differentiable on int(dom/i) = R x / and 

Vh{x,y) = j;e"+-"^(l,a„) = ( = (e"/(y), e"/'(y)) 

n>l ^n>l n>l ^ 


for all {x,y) E R x /. Moreover, because ImA„ = R and A'^w 


h*^{u,v) = min {exp*(tc) | A*^w = (u, u)} 


u(ln u — 1 ) 
00 


= U)(l, an) for u) E R, 

if u > 0 and v = uan, 
otherwise. 


Using Proposition [T5](v), it follows that for {u,v) = Vf{x,y) with {x,y) E int(dom/), 
h*{u,v) = min<^ ^u„(lnun - 1) | iUn)n>l G K+, '^Un = u, '^Unan = V \ (26) 

n>l n>l n>l ' 


for every (u, v) E dh (int(dom /)); moreover, because /i* is strictly convex, for (u, v) E dh{x, y) 
with {x^y) E int(dom/i), the minimum in (1261) is realized at the unique sequence {un)n>i = 
(e"+""^)„>i. 


^We thank Prof. L. Thibault for bringing to our attention the reference [Sj. 
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We apply the preceding considerations for the following example taken from m p. 10 ]: 

“ e{n:,,ny, n^) = ^^{nl + + n^); n^;, n^, = 1,2, 3,... (5) 

where h is Planck’s constant and m the mass of the particle,” and L is the side of a cubical 
box. 


Hence, ■= + rn?) with k,l,m G N*. We take k = 1 to (slightly) simplify 

the calculation. It follows that 

3 


h{x,y)= 




k,l,m>l 


E 




E' 

k>l 




Clearly, dom/i = M x Ml = int(dom/i). Let us consider 

/(!/):= E„>.'”"''; 

hence h{x,y) = [fiv)]^- As observed in Example [T^ I := dom/ = Ml, and so dom/i = 

M X /. The series as well as the series with p G N*, are uniformly 

convergent on the interval (—oo, — 7 ] for every 7 > 0 (because 0 < for every y G 

(— 00 , — 7 ]). It follows that f^^\y) = every p G N (with := /, := /' 

...) and limy ^-00 = 0 for p G N. Moreover, lim^^o-/(?/) = cc. This is because 

f{y) > Z]fc=i every n > 1 and lim^^o- Z]fc=i Hence /i|domh £ (^““(dom/i). 

We know that h is strictly convex on its domain (as the sum of a series of strictly convex 
functions). In fact In / (with In 00 := 00 ) is proper, convex and Isc; In / is even strictly convex 
on dom / = I. Indeed, (In/)' = /'// > 0 and (In/)" = (/"/ — (/')^)//^ > 0 on /; just use 
Schwarz inequality in Moreover, limy^_oo f{y)/f{y) = I and p := lim^^o- f'{y)/f{y) = 
00 . The first limit is (almost) obvious. The second limit exists because (In/)' is increasing on 
I. In fact, for fixed n > I, we have that f'{y) = J2k>i > n^/(y) — n? Ylk=i j and 

so f'{y)/f{y) >rp-rp (j2k=i /f{y) for y < 0. Since lim^^^o- f{y) = 00 , it follows 

that rj > 'n? — -n? (X]fe=i /oo = m?. Therefore, p = 00 . It follows that p := /'// : Ml — >■ 
( 1 , 00 ) is a bijection. 

Let us first determine the conjugate of In / which will be needed to express the conjugate 
h* of h. Since the equation {-^[vy — ln/(p)] =) v — ip{y) = 0 has the (unique) solution 
y = ip~^{v) G I for u > I, we obtain that 

(In fy{v) = sup{vy - In f{y) \ y e 1} = vip~^{v) - In [f{ip~^{v))] Vv > 1. 

Because (In/)* is Isc, we have that 


(In/)*(!)= lim (ln/)*(u) = lim [ycp(y) - In f(y)] 

y^—oo 


= lim 

y^—oo 


1 _L V r?2pfo^-l)2/ / 

y -y-in(i+Y. 


1 + 


n>2 


Finally, 


(ln/)*(u) = sup[up — ln/(p)] = lim [vy — ln/(y)] = ( lim y) [v — lim 


yei 


y^—oo 


y^—00 


= 0. 


ln/(y) 


y ^-00 y 


(_oo) IM) = (_oo)(„ - 1) 


— I) = OO Vu < I. 
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Let us determine now the conjugate of h for {u,v) G Since f{y) G for y G Ml, 

h*{u, v) = sup [xu + yv — h{x, y)] = sup { yv + sup [xu — e^[/(y)]^] 
{x,y)Gdomh V rrEM 

= _sup(,. + [/(rfev(|7^)). 

Hence h*{u,v) = oo for u G Ml and h*{0,v) = rj* (u) = For u G M^ we have that 


h*{u, v) = sup 

(yv + M(lnM - 31n[/(y)] - 1) 

= M(lnM — 1) + sup (yv — 3Mln[/(y)]) 

ymt 



= M(lnM - 1) + 3M(ln /)* . 


In conclusion, 

M(lnM - 1) + 3M(ln/)* (1^) 

if M > 3m > 0, 

II 

* 

0 

if M = 0 < M, 


00 

if M < 0, or M < 0, or 0 < M < 3m. 


It follows that 


{(u,u) G M^ X M!^ I V > 3tt} = int(dom/i*) C dom/i* = {{u,v) G M+ x M+ | v > 3m} . 
Moreover, because Vh{x,y) = [f{y)]^ • (1) 3(/j(?/)), we get 

(9/i(int(domh)) = V/i(M x /) = int(dom/i*). 

For (m, m) G M^ consider the set 

5*(m, m) . s C M_|_ | ^ ^ ^ ^ (J k +771 )Mfc V 

^ k,l,m>l k,l,m>l 

clearly, S{u,v) = 0 for (m,m) ^ domh*, S{u,3u) = {{uk,i,m)k,i,m>i C M+ | Mi,ip := u, 
Uk,i,m ■= 0 otherwise} for m > 0 and S'(0, u) = 0 for u > 0. 

Applying Proposition [15] (v), for (m,m) G int(dom/i*) = 9/i(int(domh)) we have that 

h*{u,v) = min<^ ^ Uk,i,mi^nuk,i,m - 1) I iuk,l,m)k,l,m>i G ^(m,?;) L (27) 

the minimum being attained uniquely for {uk,l,m) ■= {k,l,m > 1 ), where 

y < 0 is the solution of the equation v/u = 3/'(y)//(y); hence S{u,v) 7 ^ 0 in this case. In 
the case m = 3m > 0, as seen above, S{u,3u) is a singleton and relation (|27|) holds, too; for 
M > 0 (= m) we have that 5(0, m) = 0 and h*{0,v) = 0. 

Observe that the solution for the case u = 3 m > 0 is not obtained by using the (formal) 
method of Lagrange multipliers. Also note that even the solution for (m, m) G 5/i(int(dom/i)) 
can not be obtained from the results of J. M. Borwein and his collaborators because, even if 
£P-spaces can be regarded as LP(n)-spaces, the measure of Q is not finite (and, even more, 
the corresponding linear operators are not continuous). 
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